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X j ϕ x , . . . , x j tuple-new statement

Y = tup new{ x , . . . , x j | ϕ}

Y j + ϕ

Programs whilenew

# # # # #

ϕ while ϕ do # od
# ϒ #

A ϒ result of applying # to A # A ϒ

• # X = { x , . . . , x j | ϕ}, # A A
X

{ a , . . . , a j ∈ A j | A |= ϕ a , . . . , a j }. ∗

• # Y = tup new{ x , . . . , x j | ϕ} # A A
Y # A A

∗ ι

∗ Y # A

{ a, ι a | A |= ϕ a }.

• # # # # A # # A

• # while ϕ do # od # A #n A n
#n A %|= ϕ # A

# A A
A

A

ϒ ϒ A ϒ A ϒ

A X X ϒ ϒ # A

while

whilenew while
while

whilesets
new

set-new statement

Y = set new{ x, y | ϕ},

Y ϕ x, y
# A # A A

Y # A Y



S = { a, b ∈ A | A |= ϕ a, b }.

a
S, S a = {b | a, b ∈ S} # A A

different S ι

S Y # A

{ a, ι S a | ∃b S a, b }.

Y = set new{ x, y | E x, y }

{ } E

{ , , , , , , , , , , , , , },

{ } Y

{ , , , , , }.

whilenew whilesets
new

D D
D hereditarily finite sets over D x , . . . , xn

D ∪ D {x , . . . , xn} D
r

D ∪ D r D ∪ D extent f
{ x, f x | x ∈ D ∪ D r f x %= ∅}

static

Terms {t v ∈ r g}
v r t g

v {t v ∈ r g}
rules Elementary

update rules f t , . . . , t j = t f j
t , . . . , t j

• g R R if g then R else R endif



Path = tup-new{ x, y | x = y}
Ref = { p, x | ∃y Path x, y, p }
Frontier = { x, y, p, z | Path x, y, p ∧ E x, z ∧ z %= x}
while Frontier %= ∅ do

X = tup-new{ x, y, p, z | Frontier x, y, p, z }
Path = { x, y, q | Path x, y, q ∨ ∃p∃zX x, y, p, z, q }
Ref = { q, z | Ref q, z ∨ ∃x∃y∃pX x, y, p, z, q }
Child = { p, q | Child p, q ∨ ∃x∃y∃zX x, y, p, z, q }
Frontier = { x, y, q, z′ | ∃p∃z X x, y, p, z, q ∧ z %= y ∧ E z, z′ }

od
Path = { x, y, p | ∃p′ Path x, y, p′ ∧ Ref p′, y }

FIG. 1. whilenew

• v r v R v

forall v ∈ r do R enddo v

R v ∈ r

BGS program #

I
# I

whilenew

Mode = then
forall x ∈ do

Reached x = {x},
Paths x, x = {{x}},
Frontier x = {x}

enddo
Mode =

endif
if Mode = then

forall x ∈ do
Old Frontier x = Frontier x
Frontier x = {y y ∈ y /∈ Reached x

{z z ∈ Frontier x E z, y } %= ∅}
enddo
Mode =

endif
if Mode = then

forall x ∈ do
forall y ∈ Frontier x do

Paths x, y = { p, y
p ∈

⋃
{Paths x, z z ∈ Old Frontier x E z, y } }

enddo
Reached x = Reached x ∪ Frontier x

enddo
=

⋃
{Frontier x x ∈ } = ∅,

Mode =
endif

FIG. 2.
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x, y x y
whilenew x, y

x
whilenew x . . . xn p , . . . , pn

Path x , xn, pi i = , . . . , n Re f pi , xi

i = , . . . , n Child pi , pi+ i = , . . . , n − Frontier X

x . . . xn x . . . xn− , xn x . . . xn−
n = {x }

Paths Paths x, y
x y

Mode, Reached, Frontier Old Frontier
forall do

Mode D n >

{ , . . . , n − }
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D D
activated
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whilenew
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K K

# # separates
K from K A ∈ K ∪ K # A A ∈ K

A ∈ K # separates K from K in polynomial time
p n q n A ∈ K ∪ K # A p n

q n n A
# whilenew Output # separates

K from K # A A ∈ K ∪ K Output # A
A ∈ K A ∈ K # separates K from K in polynomial time

p n q n A ∈ K ∪ K # A
p n q n n A

K K

whilenew

whilenew

x, y D {{x}, {x, y}}



There exist pairs of classes of structures that can be separated in polynomial time by a
BGS program, but not by a whilenew program.

P
n In In

n

n P
K = {In | n }

K = {In | n } K K
P

n P
K K whilenew

Lists
D

• empty list

• l , . . . , l j D l , . . . , l j

Y = tup new{ x , . . . , x j | ϕ x , . . . , x j }

A Y

{ a , . . . , a j , ι a , . . . , a j | A |= ϕ a , . . . , a j }

ι A ϕ ι

m
ι a , . . . , a j

a , . . . , a j , λm ,

λ λm m > λm− λm

a

I &

I
Empty Head

Tail Empty Head x, y
x = x , . . . , x j & y x Tail x, y
x y x , . . . , x j j = y

I & I, &
whilenew while

For every whilenew program # over a vocabulary ϒ there exists a while program #′

over the expanded vocabulary ϒ ∪ {Empty, Head, Tail} with the following property. Let I be any input
structure such that # I is defined, and let & be any collection of lists over the atoms of I that includes
all lists invented during the execution of # on I. Then #′ I, & is defined, and equals # I on every
relation name of ϒ .



Proof. #′ #

Y = tup new{ x, y | ϕ}
Y = { x, y, z | ϕ x, y ∧∃l ∃c∃l ∃e Head z, l ∧Tail z, c ∧Counter c ∧ Head l , x ∧ Tail l , l ∧
Head l , y ∧ Tail l , e ∧ Empty e }
Counter = { c′ | ∃c∃e Counter c ∧ Head c′, c ∧ Tail c′, e ∧ Empty e }

#′ Counter Empty !

whilenew

If # is an arbitrary whilenew program, I is an arbitrary input structure, α is an arbitrary
automorphism of I , and x is an element in # I , then also α x is an element in # I .

α I

Proof of Theorem 1. K = {In | n } K = {In | n }
# whilenew

p # p n

In In
n

d p dn

In n
In P

In x # In c u
x x In

n
n − c

·
n − n

n − n − u
.

c + u t n n / n − {t, n}
dn µ n

{ , . . . , n}

n
n − µ n

≤ dn,

in any invented list, the number of different atoms occurring in it is
at most µ n .

#′ while # n #

In #′ In

µ n I ∗
n # K K

#′ I ∗
n I ∗

n+ while
Lω

∞ω k
#′ Lk

∞ω n I ∗
n I ∗

n+
Lk

∞ω

n kµ n + ≤ n I ∗
n+

k J J In

µ n + µ n #′

I ∗
n J k

I ∗
n+ J µ n + µ

f J
I ∗
n+ f f kµ

µ n + n/k n



k
µ i

x J µ J x ′

i J f
J x ′ J

f x f
I ∗
n+

kµ ≤ n
i I ∗

n+ f x
I ∗
n+ J

f !
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whilesets
new

whilesets
new

whilesets
new

whilesets
new whilesets

new

tup new
tup new set new

Y = set new S A S
A Y

{ a, ι ϕ a | ∃b S a, b } ι S
ι m

ι S a

S a , λm ,

λm

#′ simulates whilesets
new # I

# I #′ I X # r r
X #′ X # I X

#′ I linear-step polynomial-space
c p I # I

# I t
s #′ I ct p n + s n

I
whilenew

whilesets
new

n { , . . . , n}



Every whilesets
new program can be linear-step, polynomial-space simulated by a BGS

program.

Proof. # whilesets
new instruction #

# while ϕ do #

test instruction

# #

start last
i %= last next i

i next i
i = last next i finish

i %= last next+ i next− i
i

last next+ i next− last finish
i # ρ i #′

if = then
Instruction = start

Adom =
Mode =

endif
if Instruction = finish then

=
endif

Instruction
Adom

#

i X = { x , . . . , x j | ϕ}
ϕ x , . . . , x j

Adom

Adom ϕ ϕ ρ i

if Instruction = i then
forall x ∈ Adom do

forall x j ∈ Adom do
X x , . . . , x j = ϕ

enddo
...

enddo
Instruction = next i

endif

i Y = tup new{ x , . . . , x j | ϕ}
Y Adom



a , . . . , a j , λm a , . . . , a j ϕ x , . . . , x j λm

Lambda

• j = t

t = { ∅, Lambda v ∈ { } ϕ},

v

• j ≥ ti i = , . . . , j

t j = { x , . . . , x j , Lambda x j ∈ Adom ϕ x , . . . , x j }

i < j

ti =
⋃

{ti+ xi ∈ Adom true}.

ρ i

if Instruction = i then
forall x ∈ Adom ∪ t do

forall x j ∈ Adom ∪ t do
forall y ∈ Adom ∪ t do

Y x , . . . , x j , y = ϕ y = x , . . . , x j Lambda
enddo

enddo
...

enddo
Adom Adom ∪ t
Lambda {Lambda}
Instruction next i

endif

i Y = set new{ x, y | ϕ}

t x = {y y ∈ Adom ϕ x, y }

t = { t x , Lambda x ∈ Adom t x %= ∅}.

ρ i

if Instruction = i then
forall x ∈ Adom ∪ t do

forall z ∈ Adom ∪ t do
Y x, z = t x %= ∅ z = t x Lambda

enddo
enddo
Adom = Adom ∪ t
Lambda = {Lambda}
Instruction = next i

endif



i while ϕ do ρ i

if Instruction = i then
if ϕ then

Instruction = next+ i
else

Instruction = next− i
endif

endif

#′ #′ #

# A t
#′ t + A

# A

#′

Adom n + s n
A s # A

!

whilesets
new

whilesets
new

D D ∪ D , ∈
D

D
whilesets

new
D ∈

Epsilon
whilesets

new #′ simulates # I
# I #′ I f # r
r + f #′ f #′ I f # I

Epsilon
#′ I linear-step, polynomial-space

c p I # I
# I t s

#′ I ct p s

Every BGS program can be linear-step, polynomial-space simulated by a whilesets
new

program.

Proof. # whilesets
new #′

InputDomain = { x | true}
Zero = tup new{ | true}
One = tup-new{ | true}
Epsilon = { o | Zero z ∧ One o }
Atoms = tup new{ | true}
Epsilon = Epsilon ∪ { i, a | InputDomain i ∧ Atoms a }

#′ p s
whilesets

new
p n + s whilesets

new #

s = #



#′

#

t context v . . . vk

t {· · · vi ∈ ri . . .} t
forall vi ∈ ri do . . . t #

v , . . . , vk

ri vi v . . . vi−
k + T a , . . . , ak, t a , . . . , ak ai vi

R , . . . , Rk r , . . . , rk

Ranges x , . . . , xk =
k∧

i=
Ri x , . . . , xi− , xi .

x , . . . , xk x
t vi

T = { x, xi | Ranges x }.

t f t , . . . , t j T , . . . , Tj t , . . . , t j

f

• f j =

T = { x, t | Ranges x ∧ One t }.

• f j =

T = { x, t | Ranges x ∧ ∃t ∃t T x, t ∧ T x t

∧ if One t ∧ One t then One t else Zero t }.

if α then β else γ α → β ∧ ¬α → γ

• f j =

T = { x, t | Ranges x ∧ ∃t T x, t ∧ if Zero t then One t else Zero t }.

• f = j =

T = { x, t | Ranges x ∧ ∃t ∃t T x, t ∧ T x, t ∧ if t = t then One t else Zero t }.

• f

T =
{

x, t | Ranges x ∧ ∃t . . . ∃t j

(
j∧

l−
Tl x, tl ∧ if f t , . . . , t j then One t else Zero t

)}

.



• f

T =
{

x, t | Ranges x ∧ ∃t . . . ∃t j

( j∧

l=
Tl x, tl

∧ if ∃t ′ f t , . . . , t j , t ′ then f t , . . . , t j , t else Zero t
)}

.

f f f
t , . . . , t j f t , . . . , t j = ∅.

• f ∅ j =

T = { x, t | Ranges x ∧ Zero t }.

• f j = .

T = { x, t | Ranges x ∧ Atoms t }.

• f ∈ j =

T = { x, t | Ranges x ∧ ∃t ∃t T x, t ∧ T x, t ∧ if Epsilon t , t then One t else Zero t }.

• f j =

T = { x, t | Ranges x ∧ ∃t T x, t ∧ if ∃ y Epsilon y, t then Epsilon t, t else Zero t }.

∃ y y

• f
⋃

j =

tup new t
⋃

t
Xt

E

set new Unique
t

V V t
⋃

V = V

Replace

Epsilon

T

whilesets
new

Xt = tup new { x | Ranges x }
E = { y, z | ∃x∃t ∃s Xt x, z ∧ T x, t ∧ Epsilon s, t ∧ Epsilon y, s }
Unique = set new{ z, y | E y, z }
Replace = { z, z′ | ¬∃yE y, z ∧ Zero z′

∨ ∃yEpsilon y, z′ ∧ ∀y Epsilon y, z′ ↔ E y, z }
Epsilon = Epsilon ∪ { y, u | ∃z E y, z ∧ ¬∃z′ Replace z, z′ ∧ Unique z, u }
T = { x, t | ∃z Xt x, z ∧ if ∃z′ Replace z, z′ then Replace z, t else Unique z, t }



• f j =
E

E = { y, z | ∃x Xt x, z ∧ T x, y ∨ T x, y }.

t {p v ∈ r q} P R Q
p, r q t v . . . vn

p q v . . . vnv r v . . . vn

t
⋃

t E

E = { y, z | ∃x∃v∃r∃q Xt x, z ∧ R x, r ∧ Epsilon v, r ∧ Q x, v, q ∧ P x, v, y }.

# R
v . . . vk forall vi ∈ ri do . . . R

f j k + j + UpdatesR
f a , . . . , a j , b

R f a , . . . , a j b
Ranges x , . . . , xk

R f t , . . . t j = t

UpdatesR
f =

{

x, t , . . . , t j , t | Ranges x ∧
j∧

l=
Tl x, tl

}

.

g f UpdatesR
g = ∅

UpdatesR
g g %= f

R if q then R else R endif UpdatesR
f UpdatesR

f
f f j

UpdatesR
f =

{
x, y , . . . , y j , y | Ranges x ∧ ∃q

(
Q x, q

∧ if One q then UpdatesR
f x, y , . . . , y j , y

else UpdatesR
f x, y , . . . , y j , y

)}
.

R forall v ∈ t do R UpdatesR
f f

R v . . . vkv f
j

UpdatesR
f =

{
x, y , . . . , y j , y | Ranges x ∧ ∃t∃v

(
T x, t

∧ Epsilon v, t ∧ UpdatesR
f x, v, y , . . . , y j , y

)}
.

#

#

Updates#
f

a , . . . , a j , b a , . . . , a j , b′ b %= b′

f j

Conflict f = ∃a . . . ∃a j∃b∃b′(Updates#
f a , . . . , a j , b ∧ Updates#

f a , . . . , a j , b′ ∧ b %= b′).



Conflict
∨

f Conflict f

f j

f = { a , . . . , a j , b |
if Conflict then f a , . . . , a j , b else

if ¬∃b′ Updates#
f a , . . . , a j , b′ then f a , . . . , a j , b else

if ¬∃z Updates#
f a , . . . , a j , z ∧ Zero z then Updates#

f a , . . . , a j , b

else false}

f f
f

#′

〈 〉
while ¬∃o Ĥalt o ∧ One o do

〈 〉
〈 # 〉

od

# #′ #′

# Epsilon
#′

#
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